Quantum coherence and nonlocality capture nature of quantumness from different aspects. For the two-qubit states with diagonal correlation matrix, we prove strictly a hierarchy between the nonlocal advantage of quantum coherence (NAQC) and Bell nonlocality by showing geometrically that the NAQC created on one qubit by local measurement on another qubit captures quantum correlation which is stronger than Bell nonlocality. For general states, our numerical results present strong evidence that this hierarchy may still hold. So the NAQC states form a subset of the states that can exhibit Bell nonlocality. We further propose a measure of NAQC that can be used for a quantitative study of it in bipartite states.
Quantum coherence and nonlocality capture nature of quantumness from different aspects. For the two-qubit states with diagonal correlation matrix, we prove strictly a hierarchy between the nonlocal advantage of quantum coherence (NAQC) and Bell nonlocality by showing geometrically that the NAQC created on one qubit by local measurement on another qubit captures quantum correlation which is stronger than Bell nonlocality. For general states, our numerical results present strong evidence that this hierarchy may still hold. So the NAQC states form a subset of the states that can exhibit Bell nonlocality. We further propose a measure of NAQC that can be used for a quantitative study of it in bipartite states. 
I. INTRODUCTION
Quantum correlations in states of composite systems can be characterized from different perspectives. From the applicative point of view, they are also invaluable physical resources which are recognized to be responsible for the power of those classically impossible tasks involving quantum communication and quantum computation [1] . Stimulated by this realization, there are a number of quantum correlation measures being put forward up to date [2] [3] [4] [5] . Some of the extensively studied measures include Bell nonlocality (BN) [2] , quantum entanglement [3] , Einstein-Podolski-Rosen steering [4] , and quantum discord [5] . For two-qubit states, a hierarchy of these quantum correlations has also been identified [6] [7] [8] [9] [10] [11] . This hierarchy reveals different yet interlinked subtle nature of correlations, and broadens our understanding about the physical essence of quantumness in a state.
Quantum coherence is another basic notion in quantum theory, and recent years have witnessed an increasing interest on pursuing its quantification [12, 13] . In particular, based on a seminal framework formulated by Baumgratz et al. [14] , there are various coherence measures being proposed [15] [16] [17] [18] [19] [20] [21] . This stimulates one's enthusiasm to understand them from different aspects, as for instance the distillation of coherence [19, 22] , the role of coherence played in quantum state merging [23] , and the characteristics of coherence under local quantum operations [24] [25] [26] [27] and noisy quantum channels [28, 29] . Moreover, some fundamental aspects of coherence such as its role in revealing the wave nature of a system [30, 31] , its tradeoffs under the mutually unbiased bases [32] or incompatible bases [33] , have also been extensively studied.
Conceptually, coherence is thought to be more fundamental than various forms of quantum correlations, hence it is natural to pursue their interrelations for bipartite and multipartite systems. In fact, it has already been shown that coherence it-self can be quantified by the entanglement created between the considered system and an incoherent ancilla [34] . There are also several works which linked coherence to quantum discord [35] [36] [37] and measurement-induced disturbance [38] .
In a recent work, Mondal et al. [39] explored the interrelation of quantum coherence and quantum correlations from an operational perspective. By performing local measurements on qubit A of a two-qubit state AB, they showed that the average coherence of the conditional states of B summing over the mutually unbiased bases can exceed a threshold that cannot be exceeded by any single-qubit state. They termed this as the nonlocal advantage of quantum coherence (NAQC), and proved that any two-qubit state that can achieve a NAQC (we will call it the NAQC state for short) is quantum entangled. As there are many other quantum correlation measures, it is significant to purse their connections with NAQC. We explore such a problem in this paper. For two-qubit states with diagonal correlation matrix, we showed strictly that quantum correlation responsible for NAQC is stronger than that responsible for BN, while for general states this result is conjectured based on numerical analysis. We hope this finding may shed some light on our current quest for a deep understanding of the interrelation between quantum coherence and quantum correlations in composite systems.
II. TECHNICAL PRELIMINARIES
We start by recalling two well-established coherence measures known as the l 1 norm of coherence and relative entropy of coherence [14] . For a state described by density operator ρ in the reference basis {|i }, they are given, respectively, by
where S (·) denotes the von Neumann entropy, and ρ diag is an operator comprised of the diagonal part of ρ. Using the above measures, Mondal et al. presented a "steering game" in Ref. [39] : Two players, Alice and Bob, share a two-qubit state ρ. They begin this game by agreeing on three observables {σ 1 , σ 2 , σ 3 }, with σ 1,2,3 being the usual Pauli operators. Alice then measures qubit A and informs Bob of her choice σ i and outcome a ∈ {0, 1}. Finally, Bob measures coherence of qubit B in the eigenbasis of either σ j or σ k ( j, k i) randomly. By denoting the ensemble of his conditional states as {p(a|σ i ), ρ B|σ a i }, the average coherence is given bȳ
where
a σ i ]/2, I 2 is the identity operator, and C σ j α (α = l 1 or re) is the coherence defined in the eigenbasis of σ j .
By further averaging over the three possible measurements of Alice and the corresponding possible reference eigenbases chosen by Bob, Mondal et al. [39] derived the criterion for achieving NAQC, which is given by
, and H(·) stands for the binary Shannon entropy function.
In fact, the above critical values are also direct results of the complementarity relations of coherence under mutually unbiased bases [32] . To be explicit, by Eq. (4) of Ref. [32] and the mean inequality (the arithmetic mean of a list of nonnegative real numbers is not larger than the quadratic mean of the same list) one can obtain the critical value C m l 1 , while from Eq. (24) of Ref. [32] one can obtain the critical value C m re . To detect nonlocality in ρ, one can use the Bell-CHSH inequality | B CHSH ρ | 2, where B CHSH is the Bell operator [40] . Violation of this inequality implies that ρ is Bell nonlocal. The maximum of |B CHSH ρ | over all mutually orthogonal pairs of unit vectors in R 3 is given by [41] 
where M(ρ) = u 1 + u 2 , with u i (i = 1, 2, 3) being the eigenvalues of T † T arranged in nonincreasing order, and T stands for the matrix formed by elements t i j = tr(ρσ i ⊗ σ j ). Clearly, M(ρ) > 1 is also a manifestation of BN in ρ.
It has been shown that any ρ that can achieve a NAQC is entangled, while the opposite case is not always true [39] . This gives rise to a hierarchy of them. To further establish the hierarchy between NAQC and BN, and based on the consideration that the BN is local unitary invariant, we first consider the representative class of two-qubit states
where { r, s, v} ∈ R 3 satisfy the physical requirementρ 0. For r = s = 0, it reduces to the Bell-diagonal state ρ Bell which is characterized by the tetrahedron T [see Fig. 1 
III. HIERARCHY OF NAQC AND BN
The hierarchy of entanglement, steering, and BN shows that while entanglement clearly reveals the nonclassical nature of a state, steering and BN exhibit even stronger deviations from classicality [6] [7] [8] [9] [10] [11] . Here, we show that NAQC may be viewed as a quantum correlation which is even stronger than BN.
To begin with, we prove the convexity of NAQC,
that is, the NAQC is nonincreasing under mixing of states. By combining Eqs. (2) and (3), one can see that the NAQC is convex providedC σ j α is convex. For ρ = k q k ρ k , the conditional state of B after Alice's local measurements is
where ρ
where the first inequality is due to convexity of the coherence measure. This completes the proof of Eq. (6). Next, we give the level surface S of constant BN M(ρ) = 1. It can be divided into four parts, corresponding to the four vertices of T . For convenience of later presentation, we denote by S A the part near vertex A (see Fig. 2 ). It is described by
where (i, j, k) = (1, 2, 3), (2, 3, 1), and (3, 1, 2). The equations for the other three parts of S can be obtained directly by their symmetry about the coordinate origin O. The corresponding results are showed in Fig. 1(b) .
In the following, we denote by N the set of NAQC states and B the set of Bell nonlocal states. We will prove the inclusion relation N ⊂ B for anyρ, meaning that the existence of NAQC implies the existence of BN.
A. l 1 norm of of NAQC First, we consider the class of Bell-diagonal states. Without loss of generality, we assume |v 1 | |v 2 | |v 3 |, then
from which one can obtain |v 1 | > √ 6/3 and |v 2 | > (
. This further gives rise to M(ρ Bell ) > 1. That is, any ρ Bell that can achieve a NAQC is Bell nonlocal. But the converse is not true, e.g., if
With all this, we arrived at the inclusion relation N ⊂ B. The level surfaces of C na l 1 (ρ Bell ) = √ 6 can be found in Fig. 1(c) . Second, we considerρ sitting at the edges of T with general r and s. We take the edge AB as an example (see Fig. 2 ), the cases for the other edges are similar. Along this edge, we have v 1 = v 3 and v 2 = −1, then one can determine analytically the constraints imposed byρ 0 on the involved parameters as r 1,3 = s 1,3 = 0, r 2 = −s 2 , and s
Thus we have
It is always not larger than √ 6 in the region of |v 1 | √ 6 − 2. On the other hand, the states located at the edge AB other than its midpoint are Bell nonlocal. Hence, the inclusion relation N ⊂ B holds for allρ located at the edges of T .
Next, we considerρ associated with v 1,2,3
is an increasing function of |s i | (i =
,
For stateρ with fixed v 0 , w 0 , and w 1 , C na l 1 takes its maximum when the above inequalities become equalities. That is, when
then by further maximizing the resulting C na l 1 over w 0 and w 1 , we obtain C na l 1 ,max ≃ 2.4405 at the critical points w 0,1 = ±1 (we have also checked the validity of this result with 10 7 randomly generatedρ for which v 1,2,3 = −1/ √ 2, and no violation was observed). As this maximum is smaller than √ 6, anyρ with v 0 = −1/ √ 2 cannot achieve a NAQC.
To proceed, we introduce a polyhedron P with the set of its vertices near the vertex A being given by (v 0 , v 0 , v 0 ), (−1, γ, γ), (γ, −1, γ), (γ, γ, −1), and its other vertices can be obtained by using their symmetry with respect to the point O (see Fig. 2 ). One can show that when |γ| < √ 2−1, the surface S A is always inside P (see Appendix B). Finally, as C na l 1 ,max ≃ 2.4405 at the point (v 0 , v 0 , v 0 ), we choose γ = 2 − √ 6 for which C na l 1 is also smaller than √ 6 at the other three points of P near vertex A [see Eq. (11)], then as any physical state with v inside P can be written as a convex combination of states with v at the vertices of P, we complete the proof of the inclusion relation N ⊂ B for generalρ by using the convexity of NAQC.
In fact, forρ at the line AO with fixed w 0 and w 1 , one can obtain the critical v 
B. Relative entropy of NAQC
In this subsection, we consider NAQC measured by the relative entropy. First, for Bell-diagonal states, the corresponding NAQC can be obtained as [39] 
Then by imposing C na re (ρ Bell ) > C m re with the assumption |v 1 | |v 2 | |v 3 |, one can obtain
which yields M(ρ Bell ) > 1. Moreover, we have M(ρ Bell ) > 1 and C na re (ρ Bell ) < C m re for v 1,2,3 ∈ (−0.9140, −1/ √ 2). So N ⊂ B holds for ρ Bell . The corresponding level surfaces were showed in Fig. 1(d) . Clearly, the region of NAQC states shrinks compared with that captured by the l 1 norm.
Forρ sitting at the edges of T with general r and s, we take the edge AB as an example. Based on the results of Sec. III A, one can obtain
then it is direct to show that C na re is always smaller than C m re for |v 1 | < −b 0 ≃ 0.3813. So the inclusion relation N ⊂ B holds for anyρ at the edges of T .
Based on the above preliminaries, we now considerρ at the surface S A (the cases for the other parts of S are similar). We will show that for theseρ the inequality C Before ending this section, we would like to mention here that although for the set of Bell-diagonal states, one detects a wider region of NAQC states by using the l 1 norm as a measure of coherence than that by using the relative entropy (see 
IV. AN EXPLICIT APPLICATION OF NAQC
As it is a proven fact that all Bell nonlocal states are useful for quantum teleportation [43] , the hierarchy we obtained implies that any NAQC stateρ can serve as a quantum channel for quantum teleportation. That is, it always gives rise to the average fidelity F av > 2/3. In fact, F av achievable with the channel stateρ is given by [43] 
Using this equation and the results of Sec. III, one can obtain that for any NAQC stateρ captured by C na l 1 (ρ), we always have
, while for any NAQC stateρ captured by C na re (ρ), we always have F av 0.7938. Both the two critical values are larger than 2/3, so any NAQC stateρ can serve as a quantum channel for nonclassical teleportation.
If we focus only on the class of NAQC Bell-diagonal states, the average fidelity F av can be further improved. More specifically, Eqs. (10) and (14) imply that F av > (3 + √ 6)/6 for any NAQC state ρ Bell captured by C na l 1 (ρ Bell ), and F av 0.9501 for any NAQC state ρ Bell captured by C na re (ρ Bell ).
V. SUMMARY AND DISCUSSION
In summary, we have explored the interrelations of NAQC achievable in a two-qubit state under local measurements and BN detected by violation of the Bell-CHSH inequality. There are two different scenarios of NAQC being considered: one is characterized by the l 1 norm of coherence, and another one is characterized by the relative entropy of coherence. For both scenarios, we showed geometrically that the inclusion relation N ⊂ B holds for the class of statesρ that have diagonal correlation matrix T . This extends the known hierarchy in quantum correlation, viz., BN, steerability, entanglement, and quantum discord to include NAQC.
One may also concern whether the obtained hierarchy holds for ρ with nondiagonal T . As such ρ is locally unitary equivalent toρ, that is, ρ = U ABρ U † AB with U AB = U A ⊗U B , the proof can be completed by showing that for anyρ with M(ρ) 1, we have C na α (U ABρ U † AB ) C m α for all unitaries U AB . But due to the so many number of state parameters involved, it is difficult to give such a strict proof. For special cases, a strict proof may be available, e.g., for the locally unitary equivalent class ofρ with | v| 2 + 2| s| 7 equally distributed local unitaries generated according to the Haar measure [44, 45] , and found that C na α is always smaller than C m α (see Appendix C). These results presented strong evidence that the hierarchy may hold for any two-qubit state, though a strict proof is still needed.
Moreover, one may argue that NAQC can be recognized as a quantum correlation. It is stronger than BN in the sense that the NAQC states form a subset of the Bell nonlocal states. But it is asymmetric, that is, in general C na α defined with the local measurements on A does not equal that defined with the local measurements on B. This property is the same to steerability and quantum discord. The NAQC is also not locally unitary invariant. Its value may be changed by performing local unitary transformation to the mutually unbiased bases. To avoid this perplexity, one can definẽ
A , and likewise for σ j,U B . As BN is locally unitary invariant, we haveÑ ⊂ B provided N ⊂ B, whereÑ is the set of NAQC states captured byC
Finally, in light of those measures of steerability based on the maximal violation of various steering inequalities and the similar measure of Bell nonlocality [9, 10] , it is natural to quantify the degree of NAQC in a bipartite state ρ bỹ Of course, one may propose to define the NAQC-based correlation measure [denoted Q l 1 (ρ)] by replacingC na α (ρ) in Eq. (19) with C na α (ρ). But if so, Q l 1 (ρ) will not be locally unitary invariant, thus makes it violates the widely accepted property of a quantum correlation measure (e.g., Bell nonlocality, steerability, entanglement, and quantum discord) which should be locally unitary invariant.
As an example, we calculated numerically the NAQC-based correlation measure of the following state
for whichQ l 1 (ρ 1 ) is symmetric with respect to x = 0.5. As was showed in Fig. 4 ,Q l 1 (ρ 1 ) > Q l 1 (ρ 1 ) in the region of 0 x 0.141. In particular, we haveQ l 1 (ρ 1 ) > 0 and Q l 1 (ρ 1 ) = 0 when 0.138 x 0.141, that is,Q l 1 captures a wider region of NAQC states than Q l 1 .
from which one can obtain r 3 = s 3 = 0. Moreover, all the ith-order principal minors ofρ should be nonnegative. Under the constraint r 3 = s 3 = 0 obtained above, the second-and third-order leading principal minors D 2,3 and the principal minor ∆ 3 (determinant of the matrix obtained by removing fromρ its third row and third column) are
which, together with Eq. (A1), yields the following requirements
Similarly, one can obtain constraints imposed on the parameters ofρ at the other edges of T . They are
Forρ associated with v at the line AO ′ , we have v 1,2 = a 0 and v 3 = 1 +2a 0 (−1 a 0 0), then a similar derivation gives
Appendix B: Intersection of two surfaces
Due to the symmetry, one only needs to consider the intersections of the level surface S A described by Eq. (9) and the facet of P with the vertices (v 0 , v 0 , v 0 ), (−1, γ, γ), (γ, −1, γ). The plane equation for this facet is
Without loss of generality, we fix (i, j, k) = (1, 2, 3) in Eq. (9) . Then by plugging v 1 = sin θ and v 2 = cos θ into Eq. (B1), we obtain
and for given v 0 and γ, one can check whether there are intersections for the two surfaces by checking whether v 3 obtained in Eq. (B3) belongs to the region [max{sin θ, cos θ}, 1 + sin θ + cos θ]. If there exists such v 3 , then there are intersection of S A and P. Otherwise, S A is totally inside or outside of P. One can also determine whether there are intersections of S A and P by plugging Eq. (9) into Eq. (B1), and checking the resulting sgn(av 1 + av 2 + cv 3 + 1). The surface S A is inside P if it is always nonnegative. In fact, here one only needs to check the points at the boundary of S A .
Based on the above methods, it is direct to show that when v 0 = −1/ √ 2 and |γ| < √ 2 − 1, the level surface S A is always inside P. When v 0 −0.7082 and γ = b 0 , the boundary of S A inside the tetrahedron T is also inside the polyhedron P.
Similarly, by substituting v 1 = sin θ, v 2 = cos θ, and v 3 = 1 + sin θ + cos θ into the equation of the straight line FG (see Fig. 2 ), one can obtain 
By further using the mean inequality and the analytical solution of C na l 1 (ρ) given in Ref. [39] , we obtain 
hence for the class ofρ with | v| 2 + 2| s| 
